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Abstract

In order to investigate the properties of three-
dimensionalmetallicphotoniccrystals,we have devel-
opedanadaptationof Harrington’s methodfor scatter-
ing by thin wires. Due to the peculiarity of photonic
crystals,we have beenled to renounceto two assump-
tions: thecurrentintensityin the wires is not assumed
to vanishat a free extremity of a wire and the Kirch-
hoff law at a junction betweenwires is not usedany
longer. It is shown that, paradoxically, the numerical
implementationis simplifiedby thesechangesandthat
ourmethodprovidesabetterconvergenceof theresults.
Usingour code,thepropertiesof 3D metallicphotonic
crystalsareinvestigatedandcomparedwith thoseof 2D
crystals.

1 Introduction

The last few yearshave seena growing interestin the
theoreticalandexperimentalstudiesof photonicband
structures[1–8]. The basicfeatureof thesestructures
is to provide a completecontrol of light propagation.
Dielectric photoniccrystalsareableto inhibit sponta-
neousemissionof light andcouldpermit theconstruc-
tion of zerothresholdlasersandsinglemodelight emit-
ting diodes.

In this paper, we are dealingwith anotherkind of
photonic band structure: the metallic photonic crys-
tal. It is well known that dielectric photoniccrystal-
s presentgapslimited to oneoctave or even less(see
for instance[3, 6,8,9] for someexamplesof suchgaps
for dopedor non-dopedcrystals). In contrast,metallic
photoniccrystalsgenerategapsextendingfrom thenull
frequency to a cut-off value. Anotherbig differenceis
thatmetalliccrystalsaremainly intendedto work in the

microwaves region, for instanceas efficient reflectors
or resonantcavities (see[10–16] for moredetails),and
dielectricphotoniccrystalsareexpectedto work in the
opticalregion.

Themetalliccrystalweareconcernedwith in thispa-
peris madeby a three-dimensional(3D) finite periodic
array of perfectly conductingwires. Thesewires are
parallelto thethreeaxesof a cartesiancoordinatessys-
temandtheelementarycell is a cube,but thecomputer
codewe have madecould investigatethe propertiesof
more complicatedmetallic photoniccrystals,present-
ing otherkindsof symmetries.Thetheorywehaveused
is basedon theElectricField Integral Equation(EFIE)
proposedby Harringtonfor wire antennas[17]. Indeed,
thewiresradiusis assumedto bevery smallcompared
with thewires lengthor with thewavelengthof the in-
cidentfield. A Galerkinmethodwith piecewise linear
(triangular)symmetricbasisandtestfunctionsis used.
Classically, it is assumedthat the currentvanishesat a
freeextremityof awire andthusthebasisfunctionsare
null onthisextremity. In thispaper, weexplainwhy this
assumptionis questionable,at leastwhenthe lengthof
a wire is smallerthanhalf a wavelength.Hence,we re-
nounceto this assumptionandwe addto thesymmetri-
cal triangularfinite elementsa saw-toothfunctionwith
discontinuityat theendof thewire. In thesameway, it
is nomoreassumedthatKirchhoff ’slaw is satisfiedata
junctionbetweenwires [18] andsimilarly, a saw-tooth
functionis usedat anextremity of a wire, with discon-
tinuity on the junction. It is quite interestingto notice
a paradoxicalresult: the numericalimplementationis
simplerafter renouncingto thesetwo hypotheses.The
computercodeis carefullycheckedusingmany classi-
cal testsandwe verify thatthecurrentcansignificantly
differ from zeroat theendsof a wire.

It is shown that the transmissiongap of the struc-
turestartsat zerofrequency. Moreover, comparingthe
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numericalresultswith thoseobtainedfrom computer
codesdealingwith two-dimensional(2D) metallicpho-
toniccrystals[8,19] leadusto avery importantconclu-
sion: thetwo-dimensionalmodel,muchsimplerto han-
dle, is ableto bring vital informationson theproperties
of thesestructures.As a consequence,the conjecture
accordingto whichametallicphotoniccrystalcansim-
ulatea homogeneousmaterialwith a plasmonfrequen-
cy in themicrowavesregion[20], alreadyshown for 2D
crystals[21], shouldextendto 3D metalliccrystals.

2 Basic equation

Throughoutthe paper, we use the complex notation,
assuminga time dependencein ���������
	���
�� . An inci-
dent planewave with electric field ���� of wavelength�����������

propagatingin vacuumilluminatesa system
of � perfectly conductingwires with circular cross-
sectionof radius "! �
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Figure1: Notations.

We define(Fig. 1) the extremities # � and #%$� ( 	'&(*)�+ �-, ) of eachwire (thechoiceof theextremity called# � can be madearbitrarily). A junction will always
be consideredasan extremity of eachof the connect-
edwires. Theaxis . � of eachwire is orientedfrom # �
to #%$� and �
/��01� is theunit tangentvectorat a point 0
of . , . beingdefinedasthesetof . � . As in thework of
Harrington[17], we assumethat thecurrentcanbeap-
proximatedby filamentsof current2 �30�45� on . , 2 ��0�46�
takingalgebraicvaluesdeducedfrom theorientationof. at point 0�4 . In the sameway, the boundarycondi-

tion (the tangentialvalueof the total field �� �87�� must
vanishat a point 7 placedat the surfaceof the metal)
is appliedonly to the axial componentof �� �87�� at the
wire surface.Assumingthat 0 is thepoint of thewire
axis in the samecross-sectionas 7 , the incidentfield�� � �37�� is approximatedby its valueontheaxis �� � �301� ,
and 9 �/�;:7�0 4 9 by [17]:

9 �/�;:7�0 4 9�<>= �@? 010 4/ACB  A (1)

Thebasicequationsgivenby Harringtonyield:)	��EDGF HJILK 2K 0 4 �30 4 � KJMK 0 �30 + 0 4 � K 0 4
�
	3��NOF H I ( �
/�301�/P �
/��0 4 � ,Q2 �30 4 � M �30 + 0 4 � K 0 4

� �
/�301�/P ���� �301� + (2)

where: M ��0 + 0 4 � � ���R�S�T	 � = �U � = P (3)

3 About some assumptions on the
current intensity

In thetheoryof Harrington[17], thefollowing assump-
tion is made:“It shouldbenotedthat theendpoint of
a wire is treatedas the centerof an interval with zero
current. This is suggestedin Fig. 4.1.bby starting the
intervalsone-halfsubsectionin from the wire ends. It
is mathematicallyequivalentto theboundarycondition2 �WV at theendsof a wire” .

ε

+ Q - Q

Figure2: About theassumptionof anintensityequalto
zeroat anextremity of a wire. Charges+Q and-Q are
createdat theextremitiesby thestaticelectricfield �X .

We do not adoptthis assumption.Indeed,let uscon-
siderthewire representedin Fig. 2, in a staticelectric
field �X (of coursethecomplex notationis abandonedin
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this example)parallel to the axis of the wire. We as-
sumethat this wire is not connectedto otherones. In
orderto establisha total field which vanishesinsidethe
wire, electriccharges B"Y and � Y will be createdon
bothextremitiesof thewire. Thesechargeswill gener-
ateinsidethewire anelectricfield � �X .

Now, let us replacethe static field �X by an har-
monic field �X�Z�[]\ �6��
�� . In the low frequency domain,
one can considerthat the charge Y �T
^F_� generatedat
 � 
^F on the extremity of the wire will be equalto
the charge which would be generatedby a staticelec-
tric field �X�Z�[]\ �T��
 F � . The fact that the charge Y �8
�� is
not constantimplies that the current intensity at both
extremitiesof the wires doesnot vanish,andthis cur-
rentis anincreasingfunctionof thesectionof thewire.

Of course,this reasoningis madein the quasi-static
regime, wherethe currentis constantbetweenthe ex-
tremitiesof thewire. Eventhoughthis remarkdoesnot
hold in high frequency, it is not clearthat the intensity
at extremitiesis negligible. In thesameway, we do not
assumethe conservation of intensityat a junction be-
tweenwiressincethechargeon the junctionmayvary
with time.

At a first glance,one could think that renouncing
to theseassumptionscomplicatesthenumericalimple-
mentation.Paradoxically, it is not the case.Indeed,it
mustbe observed that many authorshave beenled to
introducecontinuationsof thewiresat theextremities,
or at the junctions[22,23]. If thesecontinuationsare
suppressed,the systemof equationsto be solved does
not constitutea squaresystem. It will be shown that
this difficulty completelydisappearsin our numerical
implementation.

4 Numerical implementation

First, let us comeback to the approximationof 7�0 4
madein Eq. (1). It is obviousthatthisapproximationis
convenientfor aprecisecalculationof

M ��0 + 0�45� when010�4O`  . When 010�4 and  have thesameorderof
magnitude,this approximationremainsvery goodpro-
vided that 010�4 and 0�7 arenearlyorthogonal.This
conditionis filled when 0 and 0�4 arelocatedon the
samewire, the radiusof curvatureof this wire being
muchgreaterthan  . On the otherhand,this approxi-
mationmaymakeproblemwhen 0 and 0�4 arelocated
on two differentwires.However, Eq. (1) hasbeenused
in that caseas well. The main reasonis that a more
precisecalculationof 7�0�4 would leadto considerable

complications.Thesecondoneis that,in thatcase,even
the basicapproximationintroducedin the theory (the
intensity in the wire is replacedby a filament of cur-
rent)canbequestioned.This remarkexplainswhy we
have performeda thoroughvalidationof our numerical
results.
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Figure3: Triangularfinite elementson the 	ba8c wire.

In orderto implementEq. (2) on the computer, the
intensity is projectedon finite elementsdfe definedin
Fig. 3, where,for simplicity, thewire is drawn asa lin-
earsegment.On eachwire, a setof g � equallyspaced
points 0ih is defined. The index j is runningcontinu-
ouslyfrom thefirst point #lk of thefirst wire to thelast
one # 4m of the � -th wire. This setof pointsallows us
to defineasetof triangularfinite elementsd h represent-
ed in Fig. 3. In contrastwith theotherfinite elements,
whicharesymmetrical,thefinite elementsplacedat the
extremitiesof a segmenthave a saw-tooth shape.The
finite elementd e decreaseslinearly from a unit value
at 0 e1n # � to a zerovalueat 0 epo�k , while d epoSqsr�tOk
increasesfrom zero at 0 epoSq r t A to 1 at 0 epoSq r tOk .
It is worth noticing that a connectionpoint betweenu
wiresis representedby u extremitiesof finite elements.
Hence,thetotalnumberof finite elementsis denotedbyg a8v�a . Theintensityis now givenby:

2 �301� � q�w5x�wye{zsk 2/e|dOe ��01� (4)

It is crucial to notice that no condition is enforcedon
thevaluesof 2 e correspondingto points 0 e locatedat
theextremitiesof thewiressincewedonotassumethat
the intensityvanishesat a free extremity of a wire, or
thattheintensityis conservedat a connectingpoint.

Usinga Galerkinmethod,Eq. (2) is projectedon the
samesetof finite elementsandwe get }Q~ & (*)�+ g a8v�a , :)	��EDGF q�w5x�wyepz�k 2/e

HJIpH�I dO� �301� d $e �30 4 �
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K]MK 0 �30 + 0 4 � K 0 4 K 0
�
	���N F q�w5x�wyepz�k 2/e

HJIpH�I �
/�301�/P �
/��0 4 � df� ��01� dOe ��0 4 �
M �30 + 0 4 � K 0 4 K 0� H�I �
/�301�/P �� � ��01� d � �301� K 0 (5)

where d�$e ��0�4�� stands for the derivativeK dfe �30�45� � K 0�4 . By integrating by parts the first
term of the left-handside of (5), we deducefinally a
linearsetof g a8v�a equationswith g a8v�a unknowns 2 e :

}Q~ & (�)]+ g a8v�a , + qsw�x�wyepz�kR� ��� e�2/e �>� � (6)

with:

� ��� e � � )	��EDGFQ� ��� e �i	3��N F ���R� e (7)

� ��� e � H I H I d $� �301� d $e �30 4 � M �30 + 0 4 � K 0 4 K 0
(8)

� ��� e � HJIpH�I �
/�301�/P �
/��0 4 � d � ��01� d e �30 4 �M �30 + 0 4 � K 0 4 K 0 (9)

� � � H I �
/�301��P ���� �301� df� ��01� K 0 (10)

At a first glance,the expressionof � �R� e given by Eq.
(8) makesproblemssincethe derivative d�$e is not de-
fined (in the senseof functions)at points 0 e located
at anextremityof a wire, dueto thesaw-toothshapeof
thefinite elementsonthesepoints.A possibleanswerto
thisproblemis to considerd 4 asadistributionincluding
a Dirac distribution. In practice,it is muchsimplerto
interpretthedefinitionof thesefinite elementsin a new
way. We considerthatthefinite elementdOe associated
with thefirst extremity of a wire is definedasthe limit
valuewhen � : V

of thefinite elementrepresentedin
Fig. 4.

1

u

T      (M)

M M
m+1m

m

Figure4: Representationof a finite elementplacedat
thefirst extremityof awire takinginto accountthepos-
sible non-zerovalueof the intensityat the endof the
wire.

A symmetricalinterpretationis givento thefinite el-
ementassociatedwith the secondextremity of a wire.
The integrals in the right-handmemberof Eqs. (8),
(9) and(10) aremadeby usinga small valueof � . Of
course,it hasbeenverified that the ��� tendto a limit
valueas � tendsto zero. In practice,it sufficesto take
for � a valuelessthan �_�R�Q� timesthewidth of a sym-
metricalfinite element.

Thedoubleintegralsareachievednumericallyby us-
ing an adaptive algorithm proposedby Berntsenet al
[24], [25] to avoid any a priori approximation. This
algorithmpermitsa numericalintegrationover hyper-
rectangularregionsof multiple integralsby meansof a
globally adaptive subdivision strategy. The reliability
of theintegrationis improvedby acarefulevaluationof
the error at eachstepof the algorithmandin eachdi-
mension,theusercanchooseamongseveralintegration
rules.For our calculations,we have chosenanintegra-
tion ruleof polynomialdegree7. Thisrulegivesarapid
convergencefor suchdoubleintegrals.

5 Validation of the theory

Wehavecheckedthevalidity of theresultsfor two kind-
sof scatteringobjects.Thefirst oneis arectilinearwire
of finite length and the secondone a systemof three
connectedwires.Thefirst testwasatestof convergence
of the resultswhenthe number���8��� of finite elements
is increased.Thelengthof thesinglewire wasfixedto��� �]� andits radiusto �_�R�f��� . The incidentwave prop-
agatesin a directionperpendicularto thewire, with an
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electricfield parallelto thewire.

Figure5 showsthemodulusof theintensityfor 4 val-
uesof g�� , the numberof pointsper wavelength. The
curvesobtainedfor

) VW� g�� ��� V
are nearly iden-

tical. When g�� exceedsthe valueof 50, oscillations
begin to appearat both extremitiesof the wire. These
oscillationsbecomestrongerandstrongerwhen g � is
increased(Fig. 5b). In ouropinion,theorigin of thedi-
vergencefor largevaluesof g � , alreadyfoundby other
authors[18], mustbefoundin thebasicapproximation:
the currentintensity cannotbe approximatedby a fil-
amentof currentlocatedon the wire axis any longer.
Indeed,the calculationof the double integrals in the
right-handmembersof (8) and (9) can be interpreted
asthecalculationof theinteractionbetweencurrentin-
tensitieslocatedon therangesof finite elementsd � andd e . If theserangesarevery closeto eachother (for
instanceif they areneighbors)and if the width of the
finite elementshavethesameorderof magnitudeasthe
diameterof the wire, obviously this basicapproxima-
tion fails: a calculationof matrix elements� ��� e and�¡��� e madeby translatingoneof the filamentsof cur-
renttowardsthesurfaceof thewire wouldprovidevery
differentresults. This remarkinclinesus to think that
the phenomenonof divergenceof the resultsfor large
valuesof g � is strengthenedwhen  ��� increases.
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Figure5: Convergenceof themodulusof thecurrenta-
longasinglewire of length

V P ¤ � andradius � ) V t A �
for variousvaluesof thenumberof elementsperwave-
length g � : a) g � �¥��V

(solid curve) and g � � U V
(dashedcurve); b) g � �§¦]V

(solid curve) and g � �) V�V
(dashedcurve).

Thisconjecturehasbeenconfirmedby ournumerical
results.For a radius  � ) V t A � , the limit ( g � �¨��V

)
was reachedfor a distance

K
betweentwo discretiza-

tion pointsequalto
�f� ��V

, valueof the diameterof the
wire. If we adoptthis rule of thumb,andrecallingthat
10 pointsof discretizationat leastper wavelengthare
necessary, we can conjecturethat the methodwill be
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unableto deal with wire diameterslarger than
�f� ) V

.
Thuswe shouldrestrictour calculationsto wires such
that  �© �Q��� V

. This predictionwas fully confirmed
by thereciprocity[26] andenergy balancecriteria[27].
Thesecriteria are satisfiedto within 1% in the range
of  ��� specifiedpreviously, provided that the require-
mentsg �«ª ) V

and
�  �© K aresatisfied.

A vital remarkmustbemadelooking at Fig. 5a: the
intensitieson bothsidesof thewire arenot negligible.
On theotherhand,it canbeseenin
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Figure6: ThesameasFig. 5 (a), but for g�� � U V
and � ) V t­¬ � .

Fig. 6 that therelative valueof the intensityon both
sidesof the wire (comparedwith the intensity at the
middle) tendsto zerowhen  � � decreases,according-
ly to the remarkaboutthe quasi-staticregimemadein
section3. Thesameconclusionholdswhenthe length
of thewire is increased:therelative valueof theinten-
sity onbothsidesdecreaseswhenthelengthof thewire
exceeds

�Q���
(resonantantenna),eventhoughtheabso-

lute valueof theseintensitieskeepsthe sameorderof
magnitude.This explainswhy the currentat both ex-
tremitiescan be neglectedin most casesof antennas.
In thepresentpaper, we arenot concernedwith anten-
nasbut with photoniccrystals,andwe will seethat the
wirescanhave lengthssmallerthanhalf a wavelength,
thusthe currentsat extremitiesof the wires cannotbe
neglectedin general.

We found it interestingto checkthe importanceof

the classicalassumption(the currentvanishesat both
extremitiesof thewire) for thescatteredfield or for the
valueof the currentat otherpoints. With this aim, we
representin Figs. 7 and8 thecurrentintensityandthe
bistaticcrosssectionof thewires consideredin Fig. 5
and6.
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Figure 7: Modulusof the currentalong a singlewire
of length

V P ¤ � andradius(a):  � ) V t A � or (b):  �) V tQ¬ � . The solid curve is obtainedfrom our method
andthe dottedcurve by assumingthe currentintensity
to vanishatbothextremities.

In thesefigures,thesolid curve is obtainedfrom our
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methodwhereasthe dotted line representsthe result-
s obtainedby eliminatingthe two saw-tooth finite ele-
mentsat theextremitiesof thewire. With this change,
we imposethe currentintensity to vanishat both ex-
tremities.
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Figure8: Thesameasfigure7, but for thebistaticcross
section.

In Fig. 8,
®

denotesthe anglebetweenthe wire and
thedirectionof observation. Sincethe theoryassumes
that the current in the wire is replacedby a filament
placedon theaxis,thescatteredintensitiesdependon

®
only.
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Figure9: Comparisonof themodulusof thecurrentob-
tainedfrom our methodandfrom a methodassuming
thecurrentintensityto vanishatbothextremitiesof the
wire. The parametersare the sameas in Fig. 7, with¯%° �±�R�f��� . For our method,��² °W³ � .

It is quite clear that the resultsat ¯�´ � ° �±���­µ are
very closeto eachother, in contrastwith the resultsat¯ ´ � ° �±���Q� . Figure9 shows the sameresultsasFig.
7 (with ¯�´ � ° �±���Q� ) but thecurvesof currentintensi-
ty have beendrawn for increasingvaluesof ��² , from
20 to 60, at leastwhenthe surfacecurrentis assumed
to vanishat bothextremities.Thereadercancontrol in
Fig. 5 that the resultsobtainedwith our method(i.e.
no assumptionaboutthevalueof thecurrentat theex-
tremities)andrepeatedby the solid line in Fig. 9 are
muchmorestablethantheonesobtainedwith theusual
approximation. It is worth noting that the resultsob-
tainedfrom theclassicalhypothesisbecomecloserand
closer from our resultsas � ² is increased. Unfortu-
nately, numericalinstabilitiesonbothsidesof thecurve
begin to appearif ��² exceedsthevalueof 60 but Fig.
9 clearlyshows thatour methodconvergesmuchmore
rapidly andis ableto provide accurateresultsfor mod-
eratevaluesof ��² . It canbeconcludedthattheassump-
tion of a currentintensitywhichvanishesat extremities
may have catastrophicconsequenceson the numerical
resultsfor currentintensityon therestof thewire or for
scatteredfield.

In ournumericalimplementation,we did not assume
that the current intensity was conserved at a junction
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betweenwires.

0.3

Ei

y

O xwire 1
wire 2

wire 3

0.03

Figure10: Schemeof asystemof threeconnectedwires
with a junctionmakingasharpend.

We considerin Fig. 10 a systemof threewires of
length

V P ¤ � andradius
) V t A � lying in the ¶¸· planeand

connectedin ¹ . Eachwire is very closeto the x-axis,
the incidentplanewave propagatingin the · direction.
We have takenthe incidentelectricfield parallelto the
x-axis,thuschargesshouldaccumulateatpoint ¹ . Fig-
ure11givestheintensityonthewires. It is to benoticed
that themodulusof thesumof thealgebraicintensities
at the junctionhasbeenfound to be equalto

V P U P ) V tfº
which is not negligible comparedto themodulusof the
intensityon eachwire at the samepoint, for instance
about

� P ) V tQº for wires2 and3.

6 Numerical study of three-
dimensional metallic photonic
crystal

In contrastwith two-dimensionalcrystals which are
madewith parallelwires,three-dimensionalcrystalsex-
hibit interconnectedwiresin thethreedimensions.The
aim of this sectionis to investigatethe propertiesof
thesemorecomplicatedstructuresandto comparethem
to thepropertiesof two-dimensionalcrystals.Thecom-
putationfor 3D crystalsis donewith our codebasedon
the numericalmethoddescribedin section4. We are
dealingwith the three-dimensionalcrystaldepictedin
Fig. 12.

0.0 0.05 0.1 0.15 0.2 0.25 0.3

0
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4

5

*10-3
fil 1

Figure11: Modulusof thecurrentalongthethreewires
of Fig. 10, from the junction to the extremity (solid
curve: wire 1, dashedcurve: wires2 and3). Intensity
on wire 2 hasbeenfoundto bethesameasintensityon
wire 3. Thesumof thealgebraicintensitiesat thejunc-
tion ( ¶ �@V

) is equalto 0.4 . 10tfº , thusnot negligible
comparedto theintensityon eachwire.

Thecrystalhasacubicgeometry, with aperiodequal
to unity in the ¶ , · and » directions.The radiusof the
wiresis equalto

) V t A .
6.1 Energy maps inside the crystal

In orderto illustratequalitatively the mainpropertyof
metallicphotoniccrystals,we have drawn mapsof the
electricenergy 9 �� 9 A insidethecrystalfor two valuesof
the wavelength,the first one (

�¼� ) P ��� ) outsidethe
gap,thesecondone(

�½� ) V
) inside.Theincidentelec-

tric field is perpendicularto the figure (parallel to the¶ -axis). For eachwavelength,the resultsobtainedfor
the3D modelhave beencomparedwith thoseobtained
from two simplifiedmodels:¾ thesimplified3D model(S3D)whereall thewires

of the3D crystalhavebeenremoved,exceptthose
which are parallel to the incident electric field.
Thus,this modelreplacesthe 3D crystalby a set
of parallelwiresof finite length.
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Figure 12: Three dimensionalmetallic cubic crystal
centeredat the origin andhaving

U�¿iU�¿iU �À¦ U
el-

ementarycells.

¾ the 2D model,wherethewiresof theS3Dmodel
areassumedto have infinite length.

The S3D modelhasneededthe useof the samecom-
putercodeasthe3D model,but thecomputationtimes
is muchsmallersincethetotal lengthof thesetof wires
is reducedby a factorof 3. On theotherhand,the2D
model is muchsimplerto handle,andwe have useda
computercodedevoted to 2D photoniccrystalsbased
onarigoroustheoryof scattering[19]. Usingadesktop
workstation,a calculationat

�Á� ) V
neededcomputa-

tion timesof theorderof 30 minutesfor the3D model,
3 minutesfor theS3Dmodelandaboutonesecondfor
the2D model. In fact, it emergesthat thecomputation
time requiredby theuseof the3D modelis almosten-
tirely devotedto thecomputationof theintegralsin eqs.
(8) and(9). Obviously, many of theseintegralsareiden-
tical, dueto theperiodicityof thestructure.Takingthis
remarkinto account,we have beenableto reducethe
computationtimeto about20secondsfor the3D model
andto 3 secondsfor theS3Dmodel.
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Figure13: Energy mapfor ÂÄÃ¨Å�ÆÈÇ�É for thecrystalof
Fig. 12 with thethreemodels:the3D (a),S3D(b) and
2D (c) models.Polarizationanddirectionof the plane
waveareprovidedby Fig. 12. Light propagatesthrough
thestructureandthemapsareverysimilar.
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Figure14: SameasFig. 13 but for a wavelength ÂÊÃÅ±Ë , i.e. insidethebandgap.

Figure13(a)showsthemapof Ì]ÍÎ Ì Ï in theplaneÐ ÃË�Æ Ë]É closeto thesymmetryplaneÑRÒ of thecrystal(this
small shift allows us to avoid the wires placedin the
symmetryplane,wheretheelectricfield vanishes).The
mapsof Fig. 13 (b) and13 (c) give the sameresults

for the S3D and2D models. At Â1ÃÓÅ�ÆÈÇ�É , the three
modelsgiveverycloseresults:light propagatesthrough
the structure. On the other hand,Fig. 14 shows that
thefield doesnot penetratethe crystalat ÂÁÃ¼Å_Ë . The
resultsprovidedby thethreemethodsremainveryclose
for thefield insidethecrystal.
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Figure15: SameasFig. 14 but for a differentpolar-
ization: the electricfield is parallel to the Ñ -axis. For
theS3Dand2D models,theincidentfield is perpendic-
ular to the wires, thusthe diffraction is negligible and
the field modulusis constant.Hencethe mapsarenot
given.

Figure 15 gives an explanation. In this figure, the
parametersremainthe sameasin Fig. 14, but the po-
larizationof theincidentlight haschanged:theincident
electricfield hasbeenrotatedby Ô Ë Õ , in suchawaythat
it becomesorthogonalto the wires in the S3D and2D
models. As a consequence,the diffraction of the field
by thewires is very small, i. e. thecrystalis transpar-
ent andthe field canpenetrateinside it. On the other
hand,in the 3D model, the electricfield is parallel to
anothersetof wiresandnothingis changed.Thisprop-
erty clearly shows the advantagesof 3D crystals: they
cancontrolthepropagationof light in any directionand
any polarization.Nevertheless,a very interestingcon-
clusioncanbe drawn from this section: the 2D mod-
el, which is muchsimpler than the 3D model, is able
to provide accuratepredictionson thebehaviour of 3D
metallic photoniccrystals,provided the incidentelec-
tric field is parallelto anedgeof the elementarycubic
cell. It will beshown in thenext subsectionthatthegap
of 3D crystal is almostindependentof thedirectionof
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polarizationof theincidentlight, thusthattheuseof the
2D modelwhen the above condition is satisfiedgives
reliablepredictionsonthegapsof 3D crystalswhatever
the polarizationwill be. This is all the more interest-
ing sincenumerousinvestigationshave beenmadeon
2D metallicphotoniccrystals.In particular, it hasbeen
shown from homogenizationprocessesthat2D crystals
cansimulatea homogeneousmaterialwith a plasmon
frequency in themicrowavesregion,which canbepre-
dictedaccuratelyfrom a closedform formula [21]. It
canbe conjecturedthat the sameformula cangive the
plasmonfrequency of 3D crystalswith a good preci-
sion. This resultconfirmsthe conjectureof specialists
of Solid StatePhysicson thebehaviour of 3D metallic
photoniccrystals[20].

6.2 Photonic band gaps

2 3 4 5 6 7

10-3

10-2

10-1

100

101

 

Figure16: Meanvalueof theenergy insidethecrystal
vs. wavelength. The averageis taken over 64 points
nearthe middle of the crystal. Solid curve: the inci-
dentwave is describedin Fig. 12. Dashedcurve: the
wavevectoris arbitrarychosen(seetext).

Thepenetrationof light insidethe3D crystalis estimat-
edbycomputingthemeanvalueof thesquaredmodulus
of theelectricfield over64pointslocatednearthemid-
dle of the structure. The solid curve in Fig.16 shows
this meanvalueversusthe wavelengthwhen the inci-
dentelectricfield is parallelto oneedgeof thecrystal,

the incidentwavevectorbeingparallel to anotheredge
(seeFig. 12). At wavelengthsgreaterthan 5, prop-
agationinside the crystal becomesimpossible. With
thesameincidentwavevector, a rotationof theincident
electricfield wouldnotchangethegap.Indeed,anarbi-
trary polarizationcanbedecomposedinto two orthog-
onal polarizationvectorsparallel to the wires. On the
otherhand,it is not obvious that an arbitrary incident
wavevectorproducesthe samegap. The dashedcurve
in Fig. 16 shows that the cut-off wavelengthremains
nearlythe samewhenthe incidentwave vector �� � and
theincidentelectricfield arerespectively parallelto the
vectors �� and �Ö givenby:

�� � �×ÙØ B �×ÙÚ B �×ÙÛ (11)

�Ö � �×ÙØ B �×ÙÚ � � �×ÙÛ (12)

�× Ø , �× Ú and �× Û beingtheunit vectorsof theaxes.
Thus,the transmissiongapremainsnearlyindepen-

dentof thepolarizationandwavevectorof the incident
wave, a featurewhich makes 3D crystalsmore inter-
estingthan2D crystals.Of course,this propertycould
make it interestingto use3D metallicphotoniccrystals
for antennas,waveguidesor cavities design.

6.3 Gaps of doped crystals

In order to get a dopedcrystal, threeconnectedwires
havebeenremovedfrom themiddlepartof the3D crys-
tal shown in Fig. 12. Figure17showsthemeanvalueof9 �� 9 A , computedasin subsection6.2, theincidentwave
beinggiven by Fig. 12 (incidentwave vectorandpo-
larizationparallelto theedgesof thecrystal).A peakat�Ü� U P � appearsin thegapof thedopedcrystal,closeto
theedgeof thegap.Thispeakiscausedby theexistence
of aresonantmodeof thecavity madeinsidethecrystal
by removing the threewires. It is worth noticing that
this peakis not verynarrow. This factcanbeexplained
easily. The photoniccrystal is small sinceit contains
only

UÝ¿«U�¿ÞU
elementarycells.Thus,thecavity inside

thecrystalhaveimportantlossesandtheresonancecan-
notbeverysharp.Unfortunately, timecomputationand
memorystoragedonotallow usto performcalculation-
s for larger crystals. Nevertheless,Fig. 17 shows that
cavities insidea metalliccrystalexhibit thesameeffect
asfor dielectriccrystals:peaksmay appearinsidethe
gap.
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Figure17: Dottedcurve: sameasFig. 16but for adope-
d crystalobtainedby removing 3 connectedwiresin the
middleof thecrystal;solidcurve: sameasFig. 16. The
resonantexcitation of a modeof the cavity inducesa
peakin thetransmissionatwavelength

�Ü� U P � .
7 Conclusion

In thefirst partof thepaper, anadaptationof thetheory
of scatteringby thin wiresdevelopedby Harringtonhas
beenpresented.The originality of this adaptationlies
on two points:wedonotassumeany morethatthecur-
rentvanishesat freeextremitiesof wiresandwe do not
useKirchhoff ’slaw at junctionsbetweenwires.Thanks
to this adaptation,we areableto dealwith wires with
lengthssmallerthanhalf a wavelengthandmoreover,
thenumericalimplementationis simplerthanthatof the
classicalmethod. Using our computercode,we have
beenable to investigatethe propertiesof 3D metallic
photoniccrystalsandto comparethesepropertieswith
thoseof 2D crystals.Eventhoughthe3D crystalis the
only onewhichpresentsgapsnearlyindependentof the
wavevectorandpolarizationof the incidentwave, it e-
mergesthat, fortunately, the 2D model allows one to
investigatewith a reasonableaccuracy the main prop-
ertiesof 3D crystals,speciallythe cut-off wavelength
of the transmissiongap. This is all the more interest-
ing sincethe numericalstudy of 2D metallic crystals
is muchsimplerandsinceformulaein closedform are
ableto predictthe locationof thegapwith a goodpre-

cision[21].
The main problemencounteredin our study of 3D

crystalsis thecomputationrequirementsof our codein
memorystorage.We aretrying to overcomethis prob-
lemby usingmodelsof crystalsperiodic(i.e. of infinite
extend)in oneor two directions.Theperiodicityof the
problemin thesedirectionscanbe usedin orderto in-
creasethesizeof thecrystalin theotherones.Finally,
wearealsotrying to generalizeto 3D crystalsthemath-
ematicalhomogenizationprocessalreadyachieved for
2D crystals.
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