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Abstract

In order to investigate the properties of three-
dimensionametallic photoniccrystals,we have devel-
opedan adaptatiorof Harringtons methodfor scatter
ing by thin wires. Due to the peculiarity of photonic
crystals,we have beenled to renounceo two assump-

microwaves region, for instanceas efficient reflectors
or resonantavities (see[10-16] for moredetails),and
dielectricphotoniccrystalsareexpectedto work in the
opticalregion.

Themetalliccrystalwe areconcernedvith in this pa-
peris madeby a three-dimensiond3D) finite periodic
array of perfectly conductingwires. Thesewires are

tions: the currentintensityin the wiresis not assumed parallelto thethreeaxesof a cartesiarcoordinatesys-

to vanishat a free extremity of a wire andthe Kirch-

hoff law at a junction betweenwires is not usedary

longer It is shavn that, paradoxically the numerical
implementatioris simplified by thesechangesndthat
our methodprovidesa bettercorvergenceof theresults.
Using our code,the propertiesof 3D metallic photonic
crystalsareinvestigatecdindcomparedvith thoseof 2D

crystals.

1 Introduction

The lastfew yearshave seena growing interestin the

theoreticaland experimentalstudiesof photonicband

structured1-8]. The basicfeatureof thesestructures
is to provide a completecontrol of light propagation.
Dielectric photoniccrystalsare ableto inhibit sponta-
neousemissionof light andcould permitthe construc-
tion of zerothresholdasersandsinglemodelight emit-

ting diodes.

In this paper we are dealingwith anotherkind of
photonic band structure: the metallic photonic crys-
tal. It is well known that dielectric photoniccrystal-
s presentgapslimited to one octave or even less(see
for instancd3, 6, 8,9] for someexamplesof suchgaps
for dopedor non-dopectrystals). In contrastmetallic
photoniccrystalsgeneratgyapsextendingfrom the null
frequeng to a cut-off value. Anotherbig differenceis
thatmetalliccrystalsaremainly intendedo work in the

temandthe elementancell is a cube,but the computer
codewe have madecouldinvestigatethe propertiesof
more complicatedmetallic photonic crystals, present-
ing otherkindsof symmetriesThetheorywe have used
is basedon the Electric Field Integral Equation(EFIE)
proposedy Harringtonfor wire antenna$l7]. Indeed,
thewiresradiusis assumedo be very smallcompared
with the wireslengthor with the wavelengthof thein-
cidentfield. A Galerkinmethodwith piecavise linear
(triangular)symmetrichbasisandtestfunctionsis used.
Classically it is assumedhatthe currentvanishesat a
freeextremity of awire andthusthebasisfunctionsare
null onthisextremity. In this paperwe explainwhy this
assumptions questionableat leastwhenthe lengthof
awire is smallerthanhalf awavelength.Hence we re-
nounceto this assumptiorandwe addto the symmetri-
cal triangularfinite elementsa sav-toothfunctionwith
discontinuityat the endof thewire. In the sameway; it
is nomoreassumedhatKirchhoff’'slaw is satisfiedata
junction betweerwires[18] andsimilarly, a sav-tooth
functionis usedat an extremity of a wire, with discon-
tinuity on thejunction. It is quite interestingto notice
a paradoxicalresult: the numericalimplementationis
simplerafter renouncingo thesetwo hypothesesThe
computercodeis carefully checled usingmary classi-
caltestsandwe verify thatthe currentcansignificantly
differ from zeroatthe endsof awire.

It is shawn that the transmissiongap of the struc-
ture startsat zerofrequeng. Moreover, comparingthe
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numericalresultswith thoseobtainedfrom computer
codesdealingwith two-dimensiona(2D) metallic pho-

toniccrystalg[8,19] leadusto averyimportantconclu-
sion: thetwo-dimensionaimodel,muchsimplerto han-
dle,is ableto bring vital informationson the properties
of thesestructures. As a consequencehe conjecture
accordingto which ametallicphotoniccrystalcansim-

ulatea homogeneoumaterialwith a plasmonfrequen-
cy in themicrowavesregion [20], alreadyshowvn for 2D

crystals[21], shouldextendto 3D metalliccrystals.

2 Basic equation

Throughoutthe paper we use the comple notation,
assuminga time dependencén exp(—iwt). An inci-
dent planewave with electric field Ei of wavelength
A = 2x/k propagatingn vacuumilluminatesa system
of W perfectly conductingwires with circular cross-
sectionof radiusr < A.

: v

Figurel: Notations.

We define(Fig. 1) the extremities F; and F, (t €
[1, W]) of eachwire (the choiceof the extremity called
F; canbe madearbitrarily). A junction will always
be consideredas an extremity of eachof the connect-
edwires. The axisC; of eachwire is orientedfrom F;
to F, and#{(M) is the unit tangentvectorat a point M
of C, C beingdefinedasthesetof C;. As in thework of
Harrington[17], we assumehatthe currentcanbe ap-
proximatedby filamentsof currentI (M) onC, I(M")
takingalgebraicvaluesdeducedrom the orientationof
C atpoint M'. In the sameway, the boundarycondi-

tion (the tangentialvalue of the total field E(P) must
vanishat a point P placedat the surfaceof the metal)
is appliedonly to the axial componenof E(P) atthe
wire surface.Assumingthat M is the point of the wire
axis in the samecross-sectioras P, the incidentfield
Ei(P) is approximatedy its valueontheaxis £ (M),
and|P'| by [17]:

PM'|~R=/MM?2+r2 1)
Thebasicequationgyivenby Harringtonyield:
1 dI 4G , ,
iweg CdM'( ) dM(M’M) M
i [ [ 0] TOM) GO, M) dM
c
= #M).E(M), ()
where: (kR)
M, My = SR
G(M, M) = = ®3)

3 About some assumptions on the
current intensity

In thetheoryof Harrington[17], thefollowing assump-
tion is made:“It shouldbe notedthat the endpoint of

a wire is treatedas the centerof an interval with zeo

current. Thisis suggestedin Fig. 4.1.bby startingthe

intervals one-halfsubsectiorin from the wire ends. It

is mathematicallyequivalento the boundarycondition
I = 0 attheendsof awire”.

—

€

+Q -Q

Figure2: Abouttheassumptiorof anintensityequalto
zeroat an extremity of awire. Chages+Q and-Q are
createdat the extremitiesby the staticelectricfield £.

We do notadoptthis assumptionindeed Jet uscon-
siderthe wire representeth Fig. 2, in a staticelectric
field £ (of coursethe complex notationis abandonedh
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this example)parallelto the axis of the wire. We as-
sumethat this wire is not connectedo otherones. In
orderto establisha total field which vanishesnsidethe
wire, electricchages+@Q and —Q will be createdon
both extremitiesof thewire. Thesechageswill gener
ateinsidethewire anelectricfield —&.

Now, let us replacethe static field £ by an har
monic field & cos(wt). In the low frequengy domain,
one can considerthat the chage Q(ty) generatedat
t = to on the extremity of the wire will be equalto
the chaige which would be generatedy a staticelec-
tric field £ cos(wto). Thefactthatthe chage Q(t) is
not constantimplies that the currentintensity at both
extremitiesof the wires doesnot vanish,andthis cur-
rentis anincreasingunction of the sectionof thewire.

Of course this reasonings madein the quasi-static
regime, wherethe currentis constantbetweenthe ex-
tremitiesof thewire. Eventhoughthis remarkdoesnot
hold in high frequeng, it is not clearthatthe intensity
atextremitiesis negligible. In the sameway, we do not
assumehe consenration of intensity at a junction be-
tweenwires sincethe chaige on the junction may vary
with time.

At a first glance, one could think that renouncing
to theseassumptiongomplicateghe numericalimple-
mentation. Paradoxically it is not the case.Indeed,it
must be obsened that mary authorshave beenled to
introducecontinuationsof the wires at the extremities,
or at the junctions[22,23]. If thesecontinuationsare
suppressedhe systemof equationgo be solved does
not constitutea squaresystem. It will be shavn that
this difficulty completelydisappearsn our numerical
implementation.

4 Numerical implementation

First, let us comebackto the approximationof PM’
madein Eq. (1). It is obviousthatthis approximatioris
corvenientfor aprecisecalculationof G(M, M') when
MM' > r. WhenM M’ andr have the sameorderof
magnitudethis approximatiorremainsvery goodpro-
videdthat M M’ and M P arenearlyorthogonal. This
conditionis filled when M and M’ arelocatedon the
samewire, the radiusof curvatureof this wire being
muchgreaterthanr. On the otherhand,this approxi-
mationmaymake problemwhenM andM' arelocated
ontwo differentwires. However, Eq. (1) hasbeenused
in that caseaswell. The main reasonis that a more
precisecalculationof PM' would leadto considerable

complicationsThesecondneis that,in thatcasegven
the basicapproximationintroducedin the theory (the
intensity in the wire is replacedby a filament of cur
rent) canbe questioned.This remarkexplainswhy we
have performeda thoroughvalidationof our numerical
results.

Tm Tm+ T Tm+Ni'1
M m Mm+1 M m+2 M m+N,-1
F. F

Figure3: Triangularfinite elementontheit* wire.

In orderto implementEqg. (2) on the computer the
intensityis projectedon finite elementsr;,, definedin
Fig. 3, where for simplicity, thewire is dravn asalin-
earsegment. On eachwire, a setof N; equallyspaced
points M is defined. Theindex j is running continu-
ouslyfrom thefirst point F; of thefirst wire to thelast
one Fy,;, of the W-th wire. This setof pointsallows us
to defineasetof triangularfinite elements; represent-
edin Fig. 3. In contrastwith the otherfinite elements,
whicharesymmetricalthefinite elementglacedatthe
extremitiesof a segmenthave a sav-tooth shape.The
finite elementT,,, decreaselnearly from a unit value
at M, = F; toazerovalueat M, 1, while Ty n,—1
increasedrom zeroat My, n,—2 t0 1 at My, n;—1.
It is worth noticing that a connectionpoint betweeng
wiresis representedly ¢ extremitiesof finite elements.
Hence thetotal numberof finite elementss denotedy
Niot. Theintensityis now givenby:

Niot

I(M) =" InTm(M) (4)

It is crucial to noticethat no conditionis enforcedon
thevaluesof I,,, correspondingo points,,, locatedat
theextremitiesof thewiressincewe do notassumehat
the intensity vanishesat a free extremity of a wire, or
thattheintensityis conseredat a connectingooint.
Usinga Galerkinmethod Eq. (2) is projectedon the
samesetof finite elementandwe getVn € [1, Nyot]:

Niot

» > n /C /C T, (M) T, (M)
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(M, M) dM' dM

Niot

i 3, I [ [ 800800) 7,00 T

G(M, M') dM' dM

[ tn).En) 1,00 a3 (9)
C

where T, (M') stands for the dervative
dT,,(M")/dM'. By integrating by parts the first
term of the left-handside of (5), we deducefinally a
linearsetof NVy,; equationswith Ny,; unknowvnsI,,:

Niot

Vn € [1,Nwtl, Y AnmIn =5,  (6)
m=1

with:

—1 .
= - Vn,m — wwhlo W n,m
1WEQ

Apm = (7)

,m

Va,m Z/C/CTH(M) T, (M) G(M,M') dM d]\(/.;)

mmzélmnMMnWme)

G(M,M')dM' dM  (9)

Sp = / HM).E{(M) To(M)dM  (10)
C

At afirst glance,the expressionof V,, ,,, givenby Eq.
(8) makesproblemssincethe derivative T,'n is not de-
fined (in the senseof functions)at points M, located
atanextremity of awire, dueto the saw-toothshapeof
thefinite element®nthesepoints. A possibleansweto
thisproblemis to considefT” asadistributionincluding
a Dirac distribution. In practice,it is muchsimplerto
interpretthe definition of thesefinite elementsn anew

Tm (M)

u
M m+1

m
Figure 4: Representationf a finite elementplacedat
thefirst extremity of awire takinginto accounthe pos-
sible non-zerovalue of the intensity at the end of the
wire.

A symmetricalinterpretatioris givento thefinite el-
ementassociatedvith the secondextremity of a wire.
The integrals in the right-handmemberof Egs. (8),
(9) and(10) aremadeby usinga small valueof u. Of
course,it hasbeenverified thatthe I,,, tendto a limit
valueaswu tendsto zero. In practice,it sufficesto take
for v avaluelessthan10—2 timesthe width of a sym-
metricalfinite element.

Thedoubleintegralsareachievednumericallyby us-
ing an adaptve algorithm proposedby Berntsenet al
[24], [25] to avoid ary a priori approximation. This
algorithm permitsa numericalintegration over hyper
rectangularegionsof multiple integralsby meansof a
globally adapte subdvision strat@y. The reliability
of theintegrationis improvedby a carefulevaluationof
the error at eachstepof the algorithmandin eachdi-
mensiontheusercanchooseamongseveralintegration
rules. For our calculationswe have choseranintegra-
tion rule of polynomialdegree?. Thisrule givesarapid
convergenceor suchdoubleintegrals.

5 Validation of thetheory

We have checledthevalidity of theresultsfor two kind-
s of scatteringpbjects.Thefirst oneis arectilinearwire
of finite length and the secondone a systemof three
connectedvires. Thefirst testwasatestof corvergence

way. We considerthatthefinite elementT’,, associated of the resultswhenthe numberN;,; of finite elements

with thefirst extremity of awire is definedasthe limit
valuewhenu — 0 of thefinite elementrepresenteéh
Fig. 4.

is increasedThelengthof the singlewire wasfixedto
0.3\ andits radiusto 10~2\. Theincidentwave prop-
agatesn adirectionperpendiculato the wire, with an
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electricfield parallelto thewire.

Figure5 shavsthemodulusof theintensityfor 4 val-
uesof Ny, the numberof pointsperwavelength. The
curnvesobtainedfor 10 < N, < 50 are nearlyiden-
tical. When N, exceedsthe value of 50, oscillations
begin to appearat both extremitiesof the wire. These
oscillationsbecomestrongerand strongerwhen N, is
increasedFig. 5b). In our opinion,theorigin of thedi-
vergencefor largevaluesof Ny, alreadyfoundby other
authorq18], mustbefoundin the basicapproximation:
the currentintensity cannotbe approximatedy a fil-
amentof currentlocatedon the wire axis ary longet
Indeed, the calculationof the doubleintegralsin the
right-handmembersof (8) and (9) can be interpreted
asthe calculationof the interactionbetweercurrentin-
tensitiedocatedon therangesof finite elementsl;, and
T,,. If theserangesarevery closeto eachother (for
instanceif they areneighbors)andif the width of the
finite elementdhave the sameorderof magnitudeasthe
diameterof the wire, obviously this basicapproxima-
tion fails: a calculationof matrix elementsV,, ,, and
Wn,m madeby translatingoneof the filamentsof cur-
renttowardsthe surfaceof thewire would provide very
differentresults. This remarkinclinesus to think that
the phenomenorf divergenceof the resultsfor large
valuesof N, is strengthene@vhenr/ X increases.

10°
154

10

-0.15  -0.1 -0.05 0.05 0.1 0.15

!
(@p

107

0 T T
015 -01 -0.05

I I I
0.05 0.1 0.15

I
@y
Figure5: Cornvergenceof the modulusof the currenta-
long asinglewire of length0.3X andradiusr = 1072\
for variousvaluesof the numberof elementperwave-
length Ny: a) Nx = 20 (solid curve) and Ny = 40
(dashedcurve); b) N, = 60 (solid curve) and N, =
100 (dashecturve).

This conjecturenhasbeenconfirmedby ournumerical
results. For aradiusr = 1072}, thelimit (N, = 50)
was reachedfor a distanced betweentwo discretiza-
tion pointsequalto A\ /50, value of the diameterof the
wire. If we adoptthis rule of thumb,andrecallingthat
10 points of discretizationat leastper wavelengthare
necessarywe can conjecturethat the methodwill be
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unableto deal with wire diameterslarger than \/10.
Thuswe shouldrestrictour calculationsto wires such
thatr < A/20. This predictionwas fully confirmed
by thereciprocity[26] andenegy balancecriteria[27].
Thesecriteria are satisfiedto within 1% in the range
of /X specifiedpreviously, provided that the require-
mentsN, > 10 and2r < d aresatisfied.

A vital remarkmustbe madelooking at Fig. 5a: the
intensitieson both sidesof the wire arenot negligible.
Ontheotherhand,it canbeseenin

10°
30

25—
20—
15+

10+

0 T T T T T \
005 00 005 01 015

Figure6: The sameasFig. 5 (a), but for N, = 40 and
r=10"%\.

Fig. 6 thattherelative valueof theintensityon both
sidesof the wire (comparedwith the intensity at the
middle) tendsto zerowhenr/\ decreasesaccording-
ly to the remarkaboutthe quasi-staticegime madein
section3. The sameconclusionholdswhenthe length
of thewire is increasedthe relative valueof theinten-
sity on bothsidesdecreaseshenthelengthof thewire
exceeds\/2 (resonantntenna)gventhoughthe abso-
lute value of theseintensitieskeepsthe sameorder of
magnitude. This explainswhy the currentat both ex-

tremities can be neglectedin most casesof antennas.

In the presentpaper we arenot concernedvith anten-
nasbut with photoniccrystals,andwe will seethatthe
wires canhave lengthssmallerthanhalf a wavelength,
thusthe currentsat extremitiesof the wires cannotbe
neglectedin general.

We found it interestingto checkthe importanceof

the classicalassumptionthe currentvanishesat both
extremitiesof thewire) for the scatteredield or for the
valueof the currentat other points. With this aim, we
representn Figs. 7 and8 the currentintensityandthe
bistaticcrosssectionof the wires consideredn Fig. 5
ande.

15+

10+

-0.15 0.0 0.15
(a)
*107°
30
25—
20
15
10
57
0 \ \
-0.15 0.0 0.15
(b)

Figure 7: Modulus of the currentalong a single wire

of length0.3X andradius(a): » = 102X or (b): r =

10~*)X. The solid curve is obtainedfrom our method
andthe dottedcurve by assuminghe currentintensity
to vanishat both extremities.

In thesefigures,the solid curve is obtainedfrom our
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methodwhereasthe dotted line representghe result-
s obtainedby eliminatingthe two saw-tooth finite ele-
mentsat the extremitiesof the wire. With this change,
we imposethe currentintensity to vanishat both ex-

tremities.

0.05
0.04—
0.03—
0.02—

0.01—

>, .
180

0.0 ——
*10°
15
1.0

0.5

0.0 ——— ™~

180

Figure8: Thesameasfigure7, but for the bistaticcross
section.

In Fig. 8, 6 denoteghe anglebetweenthe wire and
the directionof obsenation. Sincethe theoryassumes
that the currentin the wire is replacedby a filament
placedontheaxis,thescatteredntensitiesdepencn 8
only.

7
*10
our method
5 ; N»= 60
Vil —&— Nj=40
B N,= 20
0 \ +
-0.15 0.0 0.15

Figure9: Comparisorof the modulusof thecurrentob-

tainedfrom our methodand from a methodassuming
the currentintensityto vanishat both extremitiesof the
wire. The parametersairethe sameasin Fig. 7, with

r = 10~2\. For our method,N, = 40.

It is quite clearthatthe resultsatr/A = 10~* are
very closeto eachother, in contrastwith the resultsat
r/X = 1072, Figure9 shaws the sameresultsasFig.
7 (with /X = 1072) but the curvesof currentintensi-
ty have beendrawn for increasingvaluesof Ny, from
20to 60, at leastwhenthe surfacecurrentis assumed
to vanishat both extremities. The readercancontrolin
Fig. 5 thatthe resultsobtainedwith our method(i.e.
no assumptioraboutthe value of the currentat the ex-
tremities)and repeatediy the solid line in Fig. 9 are
muchmorestablethanthe onesobtainedwith theusual
approximation. It is worth noting that the resultsob-
tainedfrom the classicahypothesisbecomecloserand
closerfrom our resultsas N, is increased. Unfortu-
nately numericalinstabilitieson bothsidesof thecurve
begin to appeaiif N, exceedsthe valueof 60 but Fig.
9 clearly shaws that our methodconvergesmuchmore
rapidly andis ableto provide accurateesultsfor mod-
eratevaluesof N, . It canbeconcludedhattheassump-
tion of a currentintensitywhich vanishesat extremities
may have catastrophiconsequencesn the numerical
resultsfor currentintensityon therestof thewire or for
scatteredield.

In our numericalimplementationye did notassume
that the currentintensity was consered at a junction
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betweenwires.

Figurel0: Schemef asystenof threeconnectedvires
with ajunctionmakinga sharpend.

We considerin Fig. 10 a systemof threewires of
length0.3) andradius10~2\ lying in the zy planeand
connectedn O. Eachwire is very closeto the x-axis,
theincidentplanewave propagatingn they direction.
We have takentheincidentelectricfield parallelto the
x-axis,thuschagesshouldaccumulatatpoint O. Fig-
urellgivestheintensityonthewires. It istobenoticed
thatthe modulusof the sumof the algebraidntensities
at the junction hasbeenfoundto be equalto 0.4.10~3
whichis not negligible comparedo the modulusof the
intensity on eachwire at the samepoint, for instance
about2.10~2 for wires2 and3.

6 Numerical
dimensional
crystal

study of three
metallic photonic

In contrastwith two-dimensionalcrystals which are
madewith parallelwires,three-dimensionalrystalsex-
hibit interconnectedviresin thethreedimensionsThe
aim of this sectionis to investigatethe propertiesof
thesemorecomplicatedstructuresandto comparghem
to the propertiesof two-dimensionatrystals.Thecom-
putationfor 3D crystalsis donewith our codebasedn
the numericalmethoddescribedn section4. We are
dealingwith the three-dimensionatrystal depictedin
Fig. 12.

0.1

0.15 0.2 0.25

Figurell: Modulusof thecurrentalongthethreewires
of Fig. 10, from the junction to the extremity (solid
curve: wire 1, dashedccurve: wires 2 and3). Intensity
onwire 2 hasheenfoundto be the sameasintensityon
wire 3. Thesumof thealgebraidntensitiesat thejunc-
tion (z = 0) is equalto 0.4. 103, thusnot negligible
comparedo theintensityon eachwire.

Thecrystalhasa cubicgeometrywith a periodequal
to unity in the z, y and z directions. The radiusof the
wiresis equalto 10—2.

6.1 Energy mapsinsidethe crystal

In orderto illustrate qualitatively the main propertyof

metallic photoniccrystals,we have dravn mapsof the
electricenegy | E|? insidethe crystalfor two valuesof

the wavelength,the first one (A = 1.25) outsidethe
gap,thesecondne(A = 10) inside. Theincidentelec-
tric field is perpendiculato the figure (parallelto the
z-axis). For eachwavelength,the resultsobtainedfor

the 3D modelhave beencomparedvith thoseobtained
from two simplified models:

o thesimplified3D model(S3D)whereall thewires
of the 3D crystalhave beenremoved,exceptthose
which are parallel to the incident electric field.
Thus, this modelreplacegshe 3D crystalby a set
of parallelwires of finite length.
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-

1

Figure 12: Three dimensionalmetallic cubic crystal
centeredat the origin andhaving4 x 4 x 4 = 64 el-
ementarycells.

e the 2D model,wherethe wires of the S3D model
areassumedo have infinite length.

The S3D modelhasneededhe useof the samecom-

putercodeasthe 3D model,but the computatiortimes
is muchsmallersincethetotal lengthof the setof wires

is reducedby afactorof 3. On the otherhand,the 2D

modelis muchsimplerto handle,andwe have useda

computercodedevotedto 2D photoniccrystalsbased
onarigoroustheoryof scattering19]. Usinga desktop
workstation,a calculationat A\ = 10 neededccomputa-
tion timesof the orderof 30 minutesfor the 3D model,

3 minutesfor the S3D modelandaboutonesecondor

the 2D model. In fact, it emegesthatthe computation
time requiredby the useof the 3D modelis almosten-

tirely devotedto thecomputatiorof theintegralsin egs.
(8) and(9). Obviously, mary of theseantegralsareiden-

tical, dueto the periodicity of the structure.Takingthis

remarkinto account,we have beenableto reducethe

computatiortime to about20 secondgor the 3D model
andto 3 seconddgor the S3Dmodel.

“ (b)

Figure13: Enegy mapfor A = 1.25 for the crystalof
Fig. 12 with thethreemodels:the 3D (a), S3D (b) and
2D (c) models. Polarizationanddirectionof the plane
wave areprovidedby Fig. 12. Light propagatethrough
the structureandthe mapsarevery similar.
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Figure1l4: SameasFig. 13 but for a wavelengthA =
10, i.e. insidethebandgap.

Figure13 (a) shavsthe mapof |E’|2 in theplanez =
0.05 closeto thesymmetryplaneyz of the crystal(this
small shift allows us to avoid the wires placedin the
symmetryplane,wheretheelectricfield vanishes)The
mapsof Fig. 13 (b) and 13 (c) give the sameresults

10

for the S3D and 2D models. At A = 1.25, the three
modelsgive very closeresults:light propagatethrough
the structure. On the otherhand, Fig. 14 shows that
thefield doesnot penetrateghe crystalat A = 10. The
resultsprovidedby thethreemethodsemainvery close
for thefield insidethe crystal.

|

2.00

Figure 15: SameasFig. 14 but for a differentpolar
ization: the electricfield is parallelto the y-axis. For
the S3Dand2D modelstheincidentfield is perpendic
ular to the wires, thusthe diffractionis negligible and
the field modulusis constant.Hencethe mapsare not
given.

Figure 15 gives an explanation. In this figure, the
parametersemainthe sameasin Fig. 14, but the po-
larizationof theincidentlight haschangedtheincident
electricfield hasbeenrotatedoy 90°, in suchaway that
it becomeorthogonalto the wiresin the S3D and2D
models. As a consequencehe diffraction of the field
by thewiresis very small,i. e. the crystalis transpar
entandthe field can penetrateénsideit. On the other
hand,in the 3D model, the electricfield is parallelto
anothersetof wiresandnothingis changedThis prop-
erty clearly shavs the advantagef 3D crystals: they
cancontrolthepropagatiorof light in arny directionand
ary polarization. Neverthelessa very interestingcon-
clusion can be drawvn from this section: the 2D mod-
el, which is much simplerthanthe 3D model, is able
to provide accuratepredictionson the behaviour of 3D
metallic photoniccrystals,provided the incident elec-
tric field is parallelto anedgeof the elementarycubic
cell. It will beshovnin thenext subsectiorthatthegap
of 3D crystalis almostindependenof the directionof
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polarizationof theincidentlight, thusthattheuseof the
2D modelwhenthe above conditionis satisfiedgives
reliablepredictionsonthe gapsof 3D crystalswhateser
the polarizationwill be. This is all the moreinterest-
ing sincenumerousnvestigationshave beenmadeon
2D metallic photoniccrystals.In particular it hasbeen
shavn from homogenizatioprocessethat2D crystals
cansimulatea homogeneousaterialwith a plasmon
frequeng in the microwavesregion, which canbe pre-
dicted accuratelyfrom a closedform formula[21]. It
canbe conjecturedhat the sameformula cangive the
plasmonfrequeng of 3D crystalswith a good preci-
sion. This resultconfirmsthe conjectureof specialists
of Solid StatePhysicson the behaiour of 3D metallic
photoniccrystals[20].

6.2 Photonic band gaps

-3
10 \ \ \ \ \

Figure16: Meanvalueof the enegy insidethe crystal
vs. wavelength. The averageis taken over 64 points
nearthe middle of the crystal. Solid curve: theinci-
dentwave is describedn Fig. 12. Dashedcurve: the
wavevectoris arbitrarychosenseetext).

Thepenetratiorof light insidethe 3D crystalis estimat-
edby computingthemearvalueof thesquarednodulus
of theelectricfield over 64 pointslocatednearthe mid-
dle of the structure. The solid curve in Fig.16 shavs
this meanvalue versusthe wavelengthwhenthe inci-
dentelectricfield is parallelto oneedgeof the crystal,
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the incidentwavevectorbeingparallelto anotheredge
(seeFig. 12). At wavelengthsgreaterthan5, prop-
agationinside the crystal becomesmpossible. With

the sameincidentwavevector, arotationof theincident
electricfield would notchangehegap.Indeed anarbi-
trary polarizationcanbe decomposeéhto two orthog-
onal polarizationvectorsparallelto the wires. On the
otherhand, it is not obvious that an arbitrary incident
wavevectorproduceghe samegap. The dashedcurve
in Fig. 16 shaws that the cut-off wavelengthremains
nearlythe samewhenthe incidentwave vectorl% and
theincidentelectricfield arerespectiely parallelto the
vectorsi andv givenby:

(11)

(12)

€z, € ande, beingtheunit vectorsof the axes.

Thus, the transmissiorgap remainsnearlyindepen-
dentof the polarizationandwavevectorof theincident
wave, a featurewhich makes 3D crystalsmore inter-
estingthan2D crystals. Of course this propertycould
male it interestingto use3D metallic photoniccrystals
for antennasyaveguidesor cavities design.

6.3 Gapsof doped crystals

In orderto geta dopedcrystal, three connectedwires
have beenremovedfrom themiddlepartof the3D crys-
talshavnin Fig. 12. Figurel7 shavsthemeanvalueof

|E|?, computedasin subsectior6.2, theincidentwave

beinggiven by Fig. 12 (incidentwave vectorand po-

larizationparallelto theedge=of thecrystal). A peakat
A = 4.5 appearsn thegapof thedopedcrystal,closeto

theedgeof thegap. This peakis causedy theexistence
of aresonanmodeof the cavity madeinsidethecrystal
by removing the threewires. It is worth noticing that
this peakis notvery narrov. This factcanbeexplained
easily The photoniccrystalis small sinceit contains
only 4 x 4 x 4 elementarycells. Thus,thecavity inside
thecrystalhaveimportantiossesandtheresonancean-
notbevery sharp.Unfortunatelytime computatiorand
memorystoragedonotallow usto performcalculation-
s for larger crystals. NeverthelessFig. 17 shaws that
cavities insidea metalliccrystalexhibit the sameeffect
asfor dielectric crystals: peaksmay appeaitinside the

gap.
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Figurel7: Dottedcurve: sameasFig. 16 butfor adope-
d crystalobtainedby removing 3 connectedviresin the
middle of thecrystal;solid curve: sameasFig. 16. The
resonantexcitation of a modeof the cavity inducesa
peakin thetransmissioratwavelength\ = 4.5.

7 Conclusion

In thefirst partof the paperanadaptatiorof thetheory
of scatteringoy thin wiresdevelopedby Harringtonhas
beenpresented.The originality of this adaptatiorlies
ontwo points:we do notassumery morethatthe cur-

rentvanishesat free extremitiesof wiresandwe do not
useKirchhoff’slaw atjunctionsbetweerwires. Thanks
to this adaptationwe areableto dealwith wires with

lengthssmallerthan half a wavelengthand moreover,

thenumericaimplementations simplerthanthatof the
classicalmethod. Using our computercode,we have
beenable to investigatethe propertiesof 3D metallic
photoniccrystalsandto comparethesepropertieswith

thoseof 2D crystals.Eventhoughthe 3D crystalis the
only onewhich presentgapsnearlyindependentf the
wavevectorandpolarizationof the incidentwave, it e-
mergesthat, fortunately the 2D model allows oneto

investigatewith a reasonableccuray the main prop-
ertiesof 3D crystals,speciallythe cut-off wavelength
of the transmissiorgap. This is all the moreinterest-
ing sincethe numericalstudy of 2D metallic crystals
is muchsimplerandsinceformulaein closedform are
ableto predictthelocationof the gapwith a goodpre-
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cision[21].

The main problemencounteredn our study of 3D
crystalsis the computatiorrequirement®f our codein
memorystorage.We aretrying to overcomethis prob-
lem by usingmodelsof crystalsperiodic(i.e. of infinite
extend)in oneor two directions.The periodicity of the
problemin thesedirectionscanbe usedin orderto in-
creasethessizeof the crystalin the otherones.Finally,
we arealsotrying to generalizeéo 3D crystalsthe math-
ematicalhomogenizatiorprocessalreadyachieved for
2D crystals.

Acknowledgments

Thework describedn this paperhasbeenmadein the
courseof acontractbetweerthe Laboratoired’Optique
ElectromagnétiquandtheDirectiondesrecherches;-
tudeset TechniquegFrenchMinistery of Defence)

References

[1] E.Yablonawitch. "Inhibited spontaneousmission
in solid-statephysicsandelectronics".Phys.Rev.
Lett., 58, 2059-2062(1987).

[2] S.John."Stronglocalizationof photonsn certain
disordereddielectric superlattices". Phys. Rev.

Lett., 58, 2486—-2489(1987).

[3] J.JoannopouloRR. MeadeandJ. Winn. Photonic

Crystals PrincetonUniversity Press(1995).

[4] J.RarityandC. Weishuch, ed. Microcavitiesand
Photonic Bandgaps: Physicsand Applications
Vol. 324 of serieE, Dordrecht(1996).NATO Ad-
vancedStudy Institute, Kluwer Academic Pub-

lishers.

(5]

C. Souloulis. PhotonicBandGapsandLocaliza-
tion. Plenum,New York, (1993).

[6] Speciallssueon PhotonicBand Structues Vol.
41.J.ModernOptics,(1994).

[7]1 Speciallssue: Developmentand Applicationsof
Materials Exhibiting Photonic Band Gaps Vol.
10.J.0pt. Soc.Am. B, (1993).

[8] D. Maystre. "Electromagneticstudy of photon-
ic bandgaps". PureApplied Optics, 3, 975-993,
(1994).



ParudansJournal of ElectomagneticWavesand ApplicationsMol. 12,1153-1179,1998 13

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

G. TayebandD. Maystre."Rigoroustheoreticak- [20] J. B. Pendry "Calculatingphotonicbandstruc-
tudy of finite sizetwo-dimensionaphotoniccrys- ture". J. Phys.: CondensMatter, 8, 1085-1108,
talsdopedby microcavities". J. Opt. Soc.Am. A, (1996).

14, 3323-3332(1997). , \
( ) [21] G. Guida,D. Maystre,G. Tayeb,andP. Vincen-

E. Ozbay B. TemelkuranM. Sigalas,G. Tuttle, t. "homogenizatiorof two-dimensionaimetallic
metallic photoniccrystals”. Applied PhysicsLet- Am. B, (), ,(1997).

ter, 69, 3797-3799(1996). [22] G. Thiele. ComputerTechniquesfor Electiomag-

netics chapteiWire antennaspages/—96. Pega-

S. Cheng,R. Biswas, E. Ozbay J. McCalmont, monPress._td., Oxford, (1973).

G. Tuttle,andK. Ho. "Optimizeddipoleantennas
on photonicbandgapcrystal”. Applied Physics [23] J.L. RoumiguiéresPersonatommunications.

Letter, 67, 3399-3401(1995).
[24] J.BerntsenI. Espelid,andA. Genz."An adapta-

E. Brown andO. McMahon."High zenithaldirec- tive algorithmfor the approximatecalculationof

tivity from adipoleantennanaphotoniccrystal". multiple integrals”. ACM Transaction®n Mathe-
Applied Physicd_etter, 68, 1300—-1302(1996). maticalSoftware,17, 437,(1991).

C. Maggiore, A. Clogston,G.Spalek,W. Sailor, [25] J.BerntsenT. Espelid,andA. Genz."Algorithm

andF. Mueller. "Low-loss microwave cavity us- 698: DCUHRE: an adaptatie multidimensional
ing layered-dielectrienaterials".Applied Physics integrationroutinefor avectorof integrals”. ACM

Letter, 64, 1451-1453(1994). Transaction®n MathematicalSoftware, 17, 452,

(1991).

D. Smith,S. Schultz,N. Kroll, M. SigalasK. Ho,
and C. Souloulis. "Experimentaland theoreti-
cal resultsfor a two-dimensionalmetal photon-
ic band-gapcavity”. Applied PhysicsLetter, 65,
645-647(1994).

[26] M. Saillard,P. Vincent,andD. Maystre."A finite
elementmethod for electromagneticsubsuréce
tomography". In Finite elementsoftwae for mi-
crowaveengineeringT. Itoh, G. Pelosi,andP. Sil-
vestered.,chapterll. (Wiley-Intersciencel996).

E. Brown and O. McMahon. “"Large electro- [27] M. BornandE. Wolf. Principlesof optics Pega-
magneticstopbandsin metallodielectrigphotonic mon press{1980).

crystal". Applied PhysicsLetter, 67, 2138-2140,

(1995).

D. F Sievenpiper M. E. Sickmiller, and
E. Yablonwitch. "3D wire meshphotoniccrystal-
s". Phys.Rev. Lett., 76(14),2480-2483(1996).

R.Harrington."Matrix methoddor field problem-
s". Proc.IEEE, 55(2), 136-149(1967).

E. Miller andF. Deadrick. "Somecomputational
aspectof thin-wire modeling”. In Topicsin Ap-

plied PhysicsR. Mittra, ed., Vol. 3, chapter4,

page89. (SpringerVerlagBerlin Heidelbeg New

York, 1975).

D. FelbacqG. Tayeb,andD. Maystre."Scattering
by arandomsetof parallelcylinders".J.Opt. Soc.
Am. A, 11, 2526—-2538(1994).



